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Introduction

Control charts are quality improvement tools to create and maintain statistical control of
manufacturing processes. Since Schwartz (1931) first introduced the control chart, various types of
these tools have been developed. At the beginning of development, control charts were designed
with only statistical criteria in mind, while the basic requirement for statistical control was the
economic movement process. The basic idea of economic design of control charts was first put
forward incompletely by Grishik and Robibe (1952) and completed by Duncan (1956) (Shrivastavaet
al., 2016). The basis of statistical control charts for controlling important changes in the production
process is Schwartz control charts, which were first used in Bell Telephone Laboratories. This chart
is intended as the emergence of statistical process control (SPC). This was one of the first methods
of quality assurance introduced in modern industry (Ridwan et al., 2017). Statistical and economic
designs each have their own strengths and weaknesses. Statistical schemes generate graphs that
have high power and low error rate to identify a particular change in processes; on the other hand
these schemes impose more cost than economic schemes (Haq et al., 2014). On the other hand,
economic plans only consider cost and ignore the statistical properties of control charts. For this
reason, it was felt necessary to redesign control charts to take into account the economic aspects
in addition to statistical features. In this regard, Saniga (1989) introduced the economic statistical
design of control charts (Kasarapu and Vommi, 2013).

One of the most powerful tools for stabilizing and improving processes is statistical process
control (SPC), in which the achievements of the pre-construction steps and improvement in the
specific domains specified at the time of design are performed by statistical techniques called
control charts. The purpose of control charts is to address a concept called sustainability (process-
controlled statistics) that performs some kind of scientific monitoring and control over the
variability in process output through process behavior monitoring and while the trend or wheels
are abnormal, the control charts give the audiences the necessary warning that the process is out
of control and unstable. In this regard, it is worth noting that there are various ways to control and
optimize process and product quality enhancement are presented, including methods statistical
control, such as control charts due to the nature of random variability in the system under study are
of special significance (Lai et al, 2017).

The inherent variability or disruption of any production process is caused by the accumulation
of a large set of small and unavoidable deviations known as «random deviations». A process that
operates only in the presence of random deviations is called a statistically controlled process. In
other words, random deviations are an integral part of the process. Another type of variability that
is not part of random deviations is called «caused deviations» that usually originate from three
sources: incorrect device configuration, user errors, and faulty raw materials (Caballero-Morales,
2013).

The process that works in the presence of caused deviations is called a process out of
control. Most manufacturing processes are usually in a controlled state, which allows for long-term
production of acceptable products. However, at times, caused deviations can occur and cause the
process to shift out of control. In this case, a large percentage of the process output will not conform
to the desired requirements. Therefore, when the process shifts out of control due to deliberate
deviations, a control diagram alert to detect this is the ultimate goal of drawing this chart. This
will prevent the mass production of defective products. Of course, the technical responsibility
of identifying caused deviation and turning the process into a controlled state that is possible by
engineering methods will be the responsibility of the technical department (Seif et al., 2015).

The control chart is actually the execution of a statistical hypothesis test over time. To
do this, according to a sampling design, samples (random or correlated) are selected over time
intervals (uniform or non-uniform). Then the desired statistic (the test statistic is calculated) and its
value is specified on the chart. If this value is within the control range, the process is controlled and
if it is outside the process, it is considered out of control (Shamsuzzaman et al., 2015).

Designing control charts is the main objective is to determine the optimal regulatory
parameters, namely sample size, sampling interval and control limit coefficient for the process
under study in four approaches: experimental design, statistical design (SD), economic design (ED)
and economic- statistical- design (ESD) is performed, the empirical approach first presented by the
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designer of the schwartz control chart in 1924. In his approach, sample size 4 or 5 and control
limite coefficient 3 and sampling interval h = 1 (in hours) were used for high volume production
processes, despite its simple experimental design and use. It is easy to operate but not economically
and statistically insufficient (Faraz and Saniga, 2013).

The statistical design of the sample size and the control coefficient of determination shall
be such that the test capability to detect a specific changes in the quality characteristic as well as
the probability of first type error being equal to a certain value. For this purpose, statistical design
criteria such as type i and type ii errors are considered. The statistical design of control charts rarely
takes into account the sampling interval, and usually when selecting sampling intervals, users are
suggested to consider factors such as production rate, average frequency of changes that lead out
of control. In many cases, the use of scientific experience and statistical criteria has led to general
guidelines for the design of control charts (Mahadik, 2013).

Statistical design provides high power charts and low first-rate error rates to detect specific
changes in the process; this type of design fails to take into account economic aspects and imposes
higher quality costs than economic design (Katebi et al., 2016).

On the other hand, economic design, which aims to optimize the design parameters so
as to minimize the average total cost per unit time to execute this design, considers only the cost
and neglects the statistical properties of the control charts. Economic design is defined by defining
quality cycles as successive time periods that begin with the system being under control and ending
with a deviation due to its discovery and correction resulting in the system being restored. From
the reward-renewal theorem, the average cost per quality cycle divided by the average time of that
cycle results in the average cost per unit time for that cycle, which will be the objective function of
the minimization problem (Heydari et al.,2016).

Woodall (1986), as a critic of the economic designs of the control charts, showed that
these schemes significantly increased the probability of the first type of control chart error than
the statistical design. This increase in the likelihood of the first type of error can lead to increased
false alarms and correction over process startup. Unnecessary process adjustments often increase
variability and change in quality attributes, and over time cause managers and industry owners to
lose confidence in control charts (Rafiey et al., 2016).

In designing a variable control chart we have a quality attribute designed to monitor the
process behavior of this quality attribute. On the other hand, today, technological advancements
have complicated the production processes of a product (product or service), and the simultaneous
control of two or more interrelated and independent quality characteristics in the process seems
necessary. To control for these quality characteristics, considering a set of one-variable control
charts for each variable can lead to very misleading results. The establishment of an efficient and
reliable multi-control diagram will reduce the costs of internal and external quality failure, despite
an increase in preventive costs (Mahadik, 2013).

The economic design of control charts is based solely on cost minimization and does
not interfere with statistical criteria. In order to overcome this problem, Saniga (1989) proposed
a statistical-economic design. This design eliminates the disadvantages of economic design by
taking into account both statistical and economic aspects. Economic- statistical design charts need
a distribution for the process failure mechanism to determine the optimal design parameters
(Albloushi et al., 2015).

Aghabeig and Moghadam (2014) investigated the economical design of the X-ray
development under a generalized view distribution failure mechanism with uniform sampling
intervals. In this paper, the economic statistical design of X control charts under the generalized
view distribution fracture mechanism with uneven sampling interval is discussed.

The structure of this paper is that we first introduce economic-statistical design of cusum
control charts in section 1 and then in section 2 we prepare cost models and also elaborating
Shewhart and CUSUM chart in section 3 and 4 respectively. We compare the numerical results of
statistical-economic design and economic design in section 5. And finally in section 6, the conclusion
is discussed.
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Cost models
We consider a production process that operates indefinitely. There is only one quality

attribute XX that needs to be monitored, and that quality attribute is a normal random variable

with a target value of it ii and the variance is &7 . Note that the variance X is in fact known
and unknown, but we assume that it can be accurately estimated from past data. Also note that the
assumption of normality, which is somehow found in most related texts and sources, is practically
harmless when sample sizes are not too small because sample averages are, however, approximately

approximated by the central limit theorem have normal distribution. However, if the X X distribution
has obvious and significant deviations from the normal distribution and the sample sizes are small
or unit, then the economic performance analysis of the CUSUM and Schuharty charts should be
modified accordingly and beyond this scope. Process from statistical control mode (under control)

Elx) = u£(x) = u it starts and is subject to two free deviations (deviation 1 and deviation 2)
that average the process from [i [i transfer to [ty = tt + -, =t + 0. orjis = 1 — &

[+ = ) — &5 The occurrence of these deviations causes the process to shift out of control. It is
assumed that the times of cause deviations 1 and 2 are independent exponential random variables

with averages of 1/4,1/4, and 14,174, respectively. Thus, the expected time until any

deviation occursis 174, 174, forwhichA = 4; + d..4 = A; + A... The probability that a cause
deviation will occur at a time interval, provided that the process is controlled at the beginning of this

interval, is a function of 1th and is:
p=1—pgty=1_ gk (1)
The probability that the deviation with reseaon jj-th (j = 1 or Jj = 2) before the other
deviation in the time interval Itlt occurs is:

1 . . 1 . .
2) ¥ = IJ-" =12y = Tj-" j=12

It is assumed that after the deviation with reseaon Jj-th, the average process remains at

It; i until it reaches us again. At each sampling time, a sample of size itit is taken, the mean of
the sample calculated and a warning may be issued depending on its value and chart statistics. If
no warnings have been issued for the chart, no action is taken and subsequent sampling begins

just after fift time unit. If an alert is issued, investigations begin and if a deviation is detected the
process returns to control state. It should be noted that the process can be stopped or continued
during the search and repair. It is assumed that the time for sampling and study after a false alarmis

less than fift. As a result, the sampling process stops during study and correction because sampling
is useless when the process is found to operate out of control. After detecting and eliminating a
real deviation, the operation process resumes its operation from control state, and then the next

sample is taken after l1l1 time unit.
The cost of sampling and inspection is c per unit and the fixed cost for each sampleis b. The

cost of a false alert is L., and the cost of restoring the process after a alertis £ = LL; = L. The
other expected costs per unit time of operation are M when the process operates out of control.
Due to the weaknesses of statistical designs and economic designs, another method was
proposed in the design of control charts that take into account the economic aspects in addition to
statistical properties (Sultana et al., 2016). In this regard, Saniga (1989) eliminated the weakness
of economic design by placing statistical constraints (depending on the design requirement)
and termed it economic statistical design. This design eliminates the disadvantages of statistical
schemes and economic schemes while simultaneously taking into account statistical and economic
aspects and is in fact a good alternative to them(). Due to statistical constraints, economic statistical
plans impose a higher cost than economic plans on the system. But due to the low rate of false
alarms and reduced process variability that leads to improved quality, it is in line with statistical
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quality control objectives while controlling product quality costs at a desirable level of error and
high power(Montgomery, 2018).

In this section, we also use Markov chains to provide a model for economically optimizing
Shewhart and CUSUM charts. Specifically, we use a two-dimensional time-discrete Markov chain
describing: (1) the actual state of the process (a process under statistical control or under the
influence of a cause deviation); and (2) a decision that samples are taken each time. We begin by

describing this approach by elaborating the Markov model for the Schwarz XXchart.

Shewhart chart

For the Schwartz chart with control limits g + k.o/vnu + k.o /4, the
probability of the first type error is & = 2@i{—fk, o = 2&8({—k, and the probability
of the second type error is =@k, — El'lin'-:_., — El'ﬂ."ﬁj — A=t — &M}
F=daik, — El'lin'-:_., — El'ﬁ."ﬁj — @¢—lk, — &M} Let Y, Y. represent the actual state of
the process at the sampling time t where ¥, = 0¥, = [ represents the state under control
¥, = 1,{p =¥, = L,{1 = u ) for the state out of the control {1 =pi, =y = diy)
{u=jp, =p =4801and ¥, = 2¥, = 2 for the state out of control {4 = jty = it = &,
U =i, = U =0a,]. If at the time of sampling t th, the absolute value of the mean
standardized sample is Z; = (£ — u w71 /z; = [ — u 471/ exceeds the control limit f..

It.., an alert issued based on the process to be out of control, and then initiates the necessary steps

to the process. The decision is represented by i; = 1a@; = 1. Otherwise, when itis |2, | < It
|z, | <= k., then no action is taken i; = {hx; = {}. Random time-discrete model for the process
and its supervision scheme, based on the combination of the actual state of the processis I, I, and

the value it; i, is at t. The pair (¥, ¥\, @, iI;) represents the state of a two-dimensional time-discrete
Markov chain (DTMC) with specific features that each step may take when measuring in real time
units have different periods of time. There are six possible modes and the probability matrix of the
transfer is as follows:

Figure 1: Time between two consecutive sampling associated with the exit of each of the six
Markov chains 3

e Ty & =0=0 4 =

m, T, =h+(1-8)T, m

mm+ T+, +h

when process run
when process dont run

0,07 (1) (L (L {20 o2



Humani dad?s Revista Humanidades e Inovagdo v.7, n.4 - 2020
&’ Inovacao

o[l —¥il—a} (1-via v,; wll-p ¥ a1 — 17
L1 —yil—a} Q—pyie  yp V=B Fug a1 —E)

(1.0 0 ¥ g (L= i 0
(L1 =-¥){l—a) Q-yla v,y WII-F] ¥y ¥i(1—E)
(2.0 0 i 0 0 I (L—§)

11 -v)il—a} (A-vie ¥ w(l-F) ¥ ¥all— 51

The steady-state probabilities (¥,Y,, @,d;), denoted by the symbol

=012, f =014 = 0,12, j = 0,1}, can be obtained by solving the system of
linear steady state equations and can be used to estimate the expected long-term cost in time unit

as the ratio of the average cost of a transition step over its average duration: if L ;C; ; is the expected

cost and 1;; 1:; the duration of a transition from state {¥, = 1i,a, = j}{¥, =1i,a, =j}toa
different or identical state at the next sampling, then the expected long-term cost at each unit time
is:

(3) -H'r-url = I:Ef:_l E. ;-==-'_| 5T|.' 'I:'-I'_l'.} HE.E:U E}:u HE.: Ti_l':'
ECTy = (X, Fin, m G R, Bioy T 1)
More specifically, the expected costs of L;; L i between two consecutive sampling periods

associated with existing each of the six possible Markov chains are:
. ¥
C=rm+b+M [Jz—ﬂ_{—},

]_.l'
= . -
i rn+b+L_+,f[Jz ,{}’
0, =c, =cn+ b+ Mh,

|:111 = I’.‘:l = it + b -+ !1'!|:_Iqi'! + lfl'l'f'l + ﬂ:i'fﬂ' + Ll + J‘l’f |[||.! —_ %}a

If the chart does not issue any alarts {¥, = {12, q, = 01 {¥, =112, a, = 0] the

time to next sampling is only equal to ftfi. But if an alert is issued, the length of time is increased
by the number of study times and correction, unless the alert is false and the process continues

during the study &', = 148, = 1; then Tis part of fift , assuming that its value does not exceed

ft — gnf — gn. Note that the value of ch + hcn + b appears in all high-cost terms, L Ly
, because the sampling cost is constant regardless of the state of the process [¥, = i, a; = jJ

(Y, =1i,a;, = j) Cost of a false alert, L L , only appears in ’; (’; because state (0,1) is
the only state associated with a false alert. Similarly, the cost of process correction after a true

alert, Ly L;, only appears in £y, Ty sy . The other expected costs resulting from the

performance of the process under the influence of a cause deviation during the iT: ; iT: ; interval are
somewhat less obvious, as this quantity depends on the expected time during which the process

operates out of control. This charge is equal to the value of MM ft for distances starting from

YW=La, =0 =1Le,=0and ¥, =2, @, =01, =2, @, = 0 from DTMIC, since
these states represent a second type error of the chart and thus the operation is out of process

control for the entire fift interval until the next sample. The cost of M [gn + &, 17 + &, 1% )
M I:gn + &1, + &5 1% Yis borne by the system during the operational time before eliminating a

cause deviationwhen¥, =L, @, =1¥, =1L, @, =lor¥, =2, g, =1, =2, o, =1
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. Finally, M ['IE - %l:‘rf |[|'ir - I} is the expected cost of being out of control of the system at fft
intervals, provided that the system is controlled at the beginning of this interval, i.e., when DTMIC

isinstatet, =0, a, =¥, =0, a, =lorY, =0, a2, = 1Y, = 0,2, = L andthis costis
also subject to elimination after eliminating an cause deviation when (1=Y =1, at) or (Y=2,4=1);in
particular, if t represents the conditional expected time on a cause deviation from a given interval,
provided that such an event occurs in that interval, then the process affected by it for an expected

time it — §Th — 5T will work.
As a result, the unconditional expected time for performance out of

control at a time interval fift in which the process begins its activity in a controlled
state is equal to YA —Thy(h —T}. Duncan’s studies (1956) have shown that
T= [1 — 1+ .:'l.h-]'n':‘_'l'-e],'"[;.‘.lfl — gy = [1 — 1+ .:'l.h:'n'_‘_'l'.e];"[;.‘.lfl —e= and

: e .
snce ¥=1—g ¥y=1—2"¥ yehaelh—T)=Fh—F (Tn} =h—y/4
: r—hi=3d ‘s

(h—T)=yh—y (Tn} = It — ¥/4 . Therefore, the expected cost corresponding to

state out of control is equal to M QE - %}M I:nli: - I} By grouping similar cost terms together,
Equation (3) can be simplified as follows: '

.HIL"I';[ = {I’:ﬂ + b + M[h - L_Irll:b{fﬂ + E.l + 'JT]_] + E:“_}

+MhlT, + W)+ LR,

+iLy + Mign+ 8,1, + &0

H{W, + ﬂzlj} = [h +m, (1l — ﬂ‘l.'”

Himy o plgn + 1+ T (T o bl + T+ T (4)

In the special case A3 =d, =424, =4, =42 or v, =7v. =v/2
¥, = ¥. = v /2, the steady state probabilities ¥, = i, a1, = j¥, =i, a; = jare:

L=yl — (1 - g

1—F+ 8y)
ﬂn=f1—ﬂﬂﬂ—ﬁ]
1—p+ by}
My = Hgp = &
1—p+ byl
(1—payii)
M1y

Iy v

If we substitute the T, TC, ymentioned in (5), then we will have:

—— Y., 1—-F)

ECT, =den + b +JW{JE—I}}{{m
By {1 —yia(l—§)

MRt T e ey

+[.|I..1 + Mfﬂn + lfl.]l:lp] —+ lﬁll:ll;t:'j
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x{ .—Lti > i};}j}

. {Ja L4 Ifffﬁ b1 - éf,}*r_]
+[%] xlgn + T, + 1.0}

= (cn + b}x%+ .-Hrjmf—m— h— jl—‘

{1l—¥)

h

_{ o L=, i _ : . e 0
=101 &) —Ta +E h+P+grz+Jl+rJ}

;{-_ o =i i’ _ : . ot o
.lu &) - o +_H—.ﬁ". h+P+grz+J1+rJ} (5)

The above phrase is almost identical to the corresponding one in the studies of Lorenzen
and Vance (1). There is only one small difference in the cost of sampling, which is due to different
assumptions in their model, that way, the sampling never stops as long as the process works.

CUSUM chart

To monitor the process average using the CUSUM chart, the usual method is to use two

separate CUSUM statistics, for example, ;" L} to detect upstream transitions and ;' ;" to detect
downstream transitions.

= max{0, 0, + 25 — k] =0,

= max{0, 0", + 5 — k). C" =10
o =max{D.E_, +z, —k 0= 0,

- — (T Vo S A3 = R
Where “t = I — [ )V /Tis mean of the standardized sample and f.&, is the
reference value of the CUSUM chart. An alert is issued when both statistics exceed the H control

limit. An alternative method, proposed by Crosier (1986), uses only one L, L statistic that can
have positive or negative values:

= max{0, 0, + 25 — k] =0,

= max{0, 0, + 5 — k). CP =0,
o =max{D.E_, +z, —k 0= 0,

Analarmtimeisissuedwhen; = H(, = Horl, = —fH, = —H isset. The Markov

chain which describes the evolution of the process at the time of observation by the CUSUM XK X

type chart is equivalent to {...ORFRRE = ¥, £, ¥, £, ), t )} where Y, I, is the actual state of the process

and L, ;. is the value of the CUSUM statistic in the sample t. For practical purposes, the value of [}
L, to 2m + 12m + 1, which follows the Brook and Evans (1972) approach.

Using the above [, ', discontinuity, the Markov chain hasa 3# [ 2nt + 133 = 2m + 1
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possible state (¥, ¥,and £ &) with the probability of transferring it as follows:

pii = PlLy =4 ¥ = L6 = j Yy =klij= —m ..om k=012
pi =Pl =4f =LE =i, =klij= —m..om k=012 (5

Consequently, the probability matrix of the transfer would be as follows:

(=y—m)(=,m] (4, —m]_.{b,m) (¥, —mw} (¥ m)

(v, —m) [ ]

Pij P Py
[‘:m:l
(%, —mm}

PII P'II P“

L] 1] 1
[,
(¥, —mm}

P By Py
[I‘:m‘:I |

The above matrix elements are divided into nine parts, which include the probability of

moving from ', — 1, — 1 to Cfor each of the nine possible combinationsof ¥, — 1¥, — 1 and

¥, ¥, . The exact expressions for the probabilities of]-‘l::r-"I ]-‘l::rI are given below.

Similarly tothe Schwartz charts, the steady-state probabilities of T, ;T for ¥, = i, L} = |

¥, =10, =[(=0,1,2,j=m..m)are used to estimate the expected cost per unit time used, it
can be written as follows:

. Voo
ELT. = [ecn+ b+ M{h - Ij:r:[ Z Ro; + T oin
i==in

m-1

+Tym + Ry min + T WAL Z [Ty + 7))

_|'=—:'|ﬂ—'_:.
Hhyl Tyome + Tam ) + (L + Mgn + 8.7 + &1, 0
MR,y + My, + T + R )]
- ”E + ':'HI.;-_.—m + Tl ]'Hl:l - 'El :'Tu + I:ﬂl.—m + N + ﬂz,—m + g

#ign+ T+ T x{gn+ T+ T} (7)

The cost function, ECT?, is the exact form of ECT* for the CUSUM charts, and the explanation
of all its quantities is similar to the ECT* terms. Note that this Markov model does not require explicit
calculation and ARL.

Numerical comparison
We perform numerical analysis to investigate the potential cost savings of choosing a
CUSUM chartinstead of choosing a Schwartz chart to monitor a process. The numerical investigation

covers three cases covering a wide range of cost parameters ¢, b, M L., Ly ¢, b, M L., L,
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and process parameters ( & A 4) as shown in Table 1. In all 48 cases, certain parameters were kept
constant: repair cost L1=200 and negligible time to seek a cause deviation and correction process:
0=T,=T.=T.. Although the models are adaptable enough to accommodate non-negligible search
and modification times, our numerical investigation has shown that the effect of these times on
process design parameters and costs is minimal and, therefore, due to cost savings and simplicity,
we set their values to zero. We also assume that the process stops after the alert is declared for

review (&', = {k; = {}). In addition, when the system is repaired and restored after a proper alert

the process is stopped (.45, ). Finally, we set the relation 4y = 4z = Apd; = 4y = Aginall
cases.

For each specific set of parameters, we first determine the economic design of the
Schwartz chart with respect to Equation (7) and then compare them with the optimal parameters
and cost of the CUSUM chart obtained from the equation. To expedite the optimization procedure,

we allow K5k and K. K. to be integers of 0.1, and by setting W = {1, 1ur = {11, we use a
similar discrete step for the control limit H in the CUSUM chart with an initial value of 0.05 (m = 1).

Note that the number of states used to discrete Markov chains of CUSUM chart, with wr = {}.1

s = {11, depends on the actual value of H in each case.

Table 2 shows the optimal parameters and costs of the Schwartz and CUSUM charts for the
48 items in Table 1. The percentages of profits from using the CUSUM chart instead of the Schwartz
chart are shown in the last column of Table 2. Table 2 shows that the sampling interval and sample
size of the CUSUM scheme are not significantly different from those corresponding to the Schwartz

scheme. In particular, in many cases, both the optimal parameters ftft and itit for the CUSUM chart

are partially smaller than ftft and itit corresponding to the Schwartz chart. The improvement in the
cost of the CUSUM chart was less than 0.7% over all 48 cases we reviewed.
As a result, it is clear that from the economic point of view the CUSUM chart is not

significantly superior to the standard XX chart, even when the rate of change is small. Note that Ho
(1994), although their numerical results were very similar to ours, concluded that the CUSUAL chart

works much better than the standard X¥ chart. More importantly, our results are also inconsistent
with the results obtained by Keats and Simpson (1994), who found that the CUSUM chart performs
significantly better than the Schwartz chart. Our guess is that this inconsistency may be due to the

inaccuracy of the calculations and the use of ARL,/AILL,. in the model to economically optimize
the CUSUM scheme.

The results in Table 2 are surprising given the widespread understanding that CUSUM chart
are far more effective than Schwartz chart, at least in detecting small to medium displacements.
Given the above observations and concerns, we first validate the results of Table 2 by simulation
and then extend the numerical investigation to improve our findings.

Finally, it should be emphasized that there are many practical applications where sample
sizes are not necessarily uniform, but they are limited to relatively small amounts for logical grouping

or other reasons. Limiting the sample size, such as it == 3it == 3, can cause the CUSUM chart to
perform significantly better than its corresponding Schwartz chart, unless the sample size without
the optimal limit is greater than five.

The difference in the economic performance of these two charts, if there is a limit on the
sample size, is somewhere between the differences observed in the case of n infinite and n = 1.

For example, consider item 1 of Table 1 with c = 1. If there is no limit on sample size, we
can see from Table 2 that both sample sizes are relatively large and have approximately identical
average costs: ECT' = 11.76 with n = 24 Schwartz chart and ECT?= 11.72 with n = 23 for the CUSUM
chart.

If the sample size is restricted by it == Jit “= 3 for logical grouping, then the average cost of
the two constrained chart (n =5) is equal to ECT! = 12.14 and ECT? = 12.39 (a difference of 12.3%). If
the n =1 constraint is applied to the sample size, it can be seen from the table that it is ECT* = 14.73
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and ECT? = 12.57 and the CUSUM economic advantage increased by 7.14%.

Table 1: Set of 48 parameters for numerical example

& & aT T, T O.g 0L 200c 14
& 8 oT T, T. Og 0L 200c 14
Case Il £ ¥ A A
1 0 100 100 0.01 0.5
2 0 100 200 0.01 0.5
3 0 1000 100 0.01 0.5
4 0 1000 200 0.01 0.5
5 5 100 100 0.01 0.5
6 5 100 200 0.01 0.5
7 5 1000 100 0.01 0.5
8 5 1000 200 0.01 0.5
9 0 100 100 0.1 0.5
10 0 100 200 0.1 0.5
11 0 1000 100 0.1 0.5
12 0 1000 200 0.1 0.5
13 5 100 100 0.1 0.5
14 5 100 200 0.1 0.5
15 5 1000 100 0.1 0.5
16 5 1000 200 0.1 0.5
17 0 100 100 0.01 0.5
18 0 100 200 0.01 0.5
19 0 1000 100 0.01 0.5
20 0 1000 200 0.01 0.5
21 5 100 100 0.01 0.5
22 5 100 200 0.01 0.5
23 5 1000 100 0.01 0.5
24 5 1000 200 0.01 0.5
25 0 100 100 0.1 0.5
26 0 100 200 0.1 0.5
27 0 1000 100 0.1 0.5
28 0 1000 200 0.1 0.5
29 5 100 100 0.1 0.5
30 5 100 200 0.1 0.5
31 5 1000 100 0.1 0.5
32 5 1000 200 0.1 0.5
33 0 100 100 0.01 0.5
34 0 100 200 0.01 0.5
35 0 1000 100 0.01 0.5
36 0 1000 200 0.01 0.5
37 5 100 100 0.01 0.5
38 5 100 200 0.01 0.5
39 5 1000 100 0.01 0.5
40 5 1000 200 0.01 0.5
41 0 100 100 0.1 0.5
42 0 100 200 0.1 0.5
43 0 1000 100 0.1 0.5
44 0 1000 200 0.1 0.5
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45 5 100 100 0.1 0.5
46 5 100 200 0.1 0.5
47 5 1000 100 0.1 0.5
48 5 1000 200 0.1 0.5
Table 2: Comparison of Schwartz chart with CUSUM charts (c = 1)
Schwartz optimization | Optimization of CUSUM
Case | i | 1 | Ky ECT, h i | Kg | H ECT, ALLL Percentage of cost
HBHE L improvement (%)
ARLy
1 [72]24 | 16 1176 |69 23 |11 | 06 | 11.72 5.65 04
2 83132 19 1264 |78 | 30 | 13| 0.7 | 1259 | 16.82 0.4
3 |122]24] 16 3392 | 21|23 |11 ]| 06 | 3377 - 0.4
4 [25]34 | 20 3681 |24 | 31 | 13| 07 | 36.64 - 0.5
5 [83]27] 16 1241 | 80| 26 | 11| 06 | 1239 - 0.2
6 [91]34 | 19 1322 [ 9.0 | 34 | 14| 06 | 1319 | 2285 0.2
7 26| 28 | 16 36.01 25127 | 1.2 | 05 35.94 7.00 0.2
8 [28]35] 19 3869 [ 27| 34 | 14 | 06 | 3858 - 0.3
9 28| 21 | 15 45.46 26 | 20 | 09 | 0.7 45.32 - 0.3
10 |32 28 | 18 47.70 30| 26 | 1.1 | 08 47.53 9.82 0.4
11 (07| 23 | 16 | 111766 | 0.7 | 23 | 1.1 | 0.6 | 117.18 - 0.4
12 108 | 31| 19 12646 | 0.8 | 31 | 1.3 | 0.7 | 125.90 - 0.4
13 33|23 | 14 47.13 32| 22 | 09| 06 47.05 - 0.2
14 136 31| 18 49.17 35130 | 1.2 | 07 49.08 - 0.2
15 |08 | 26 | 16 12409 | 08 | 26 | 1.1 | 0.6 | 123.86 - 0.2
16 |09 34 | 19 13218 | 09 | 34 | 14 | 0.6 | 131.86 - 0.2
17 44| 10 | 2.2 7.82 44 | 10 | 1.5 | 0.8 7.79 - 0.4
18 |47 | 12 | 25 8.20 4.7 12 | 1.7 | 09 8.16 - 0.5
19 |14 10 | 2.2 20.82 13| 10 | 1.6 | 0.7 20.72 - 0.5
20 | 16| 13 | 25 22.03 14| 12 | 1.7 | 09 21.90 - 0.6
21 |59 12| 2.2 8.78 58| 12 | 1.7 | 06 8.77 - 0.1
22 | 63| 14| 24 9.09 62| 14 | 19 | 06 9.08 - 0.2
23 18] 12| 2.2 2391 |18 | 12 | 1.7 | 0.6 | 23.89 - 0.1
24 19| 14| 25 2493 | 19| 14 | 19 | 0.6 | 24.88 - 0.2
25 [17]10] 22 3590 | 15| 9 | 14| 09 | 35.80 2.37 0.3
26 [19] 12| 24 3690 |17 | 11 | 16 | 09 | 36.78 - 0.3
27 | 05| 11| 22 7839 | 04| 9 | 15| 08 | 77.95 2.35 0.6
28 | 05| 13| 25 8197 | 05| 12 | 1.7 | 0.8 | 8166 - 0.4
29 [22]11] 21 3848 [ 22| 11 | 16 | 06 | 3845 - 0.1
30 [23] 13| 24 3930 [ 23] 13 | 1.8 | 06 | 39.27 - 0.1
31 |06 12| 22 8781 | 06| 12 | 1.7 | 05 | 8775 - 0.1
32 |06] 14| 25 9096 | 06| 13 | 1.8 | 0.7 | 90.82 - 0.2
33 [27] 4 | 28 5.31 22| 3 |17 ] 11 5.29 - 0.4
34 (28] 4 | 29 5.46 27 | 4 120 10 5.44 - 0.5
35 |09 4 | 27 1246 | 07 | 3 |17 | 11 | 1257 - 0.6
36 |09 4 2.9 13.14 08 | 4 20| 11 13.5 - 0.7
37 |46| 5 2.7 6.71 4.5 5 22 | 0.6 6.71 - 0.0
38./45| 5 | 29 6.81 46 | 5 [ 23| 06 6.81 - 0.0
39 (14| 5 2.7 17.13 14| 5 22 | 06 17.12 - 0.1
40 |14 | 5 2.9 17.47 14| 5 23 | 06 17.46 0.98 0.0
41 |10 | 4 2.8 29.26 08 | 3 1.7 | 11 29.16 - 0.3
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42 10| 4 29 29.66 10| 4 [ 20| 10 29.59 - 0.2
43 | 03| 4 2.7 53.17 02 ] 3 1.7 | 1.2 53.02 - 0.3
44 1 03| 4 2.9 54.75 03] 4 120 10 54.52 - 0.4
45 |03 5 2.7 33.11 16 | 4 |20 | 06 33.11 - 0.0
46 |17 5 2.9 33.38 171 5 22 | 0.7 33.36 - 0.0
47 |05 5 2.7 67.26 05] 5 22 | 05 67.26 - 0.0
48 | 05| 5 2.8 68.34 05] 5 22 | 0.7 68.29 - 0.1

Following the various constraints on these values, we present the results of the statistical-
economic design of the CUSUM diagram.

Table 3: Results of statistical-economic design of the CUSUM chart (c = 1)

Optimization of CUSUM
Case : T Percentage
of cost
ARL; improvement

(%)

1 428 13 1.05 0.6 13.27 2.84 13
2 3.08 15 1.59 0.7 15.36 7.18 22
3.16 15 1.52 0.6 17.34 5.59 31

3.40 15 0.62 0.5 36.8 1.86 2.3

10 5.14 20 0.76 0.8 48.90 3.90 2.8
25 447 6 086 0.9 40.51 1.42 13
27 0.90 8 le 0.8 94.08 1.70 20
40 1.34 1 1.5 0.6 32.73 0.57 87

Note that the above equation or other different methods can be used to calculates\ L5

ARLg. In this paper, the equation with it = Ll = lidanda = 5 = b is used.

Conclusion

We propose a simple and accurate Markov chain model for economically optimizing the
Schwartz charts and the CUSUM to monitor the average quality characteristic with a normal
distribution. Our numerical investigation led to the following results.

CUSUM charts are economically superior to Schwartz charts only when process monitoring
is based on individual measurements (sample size = n). If there is no limit on the size of each
sample, the economic performance of the optimal CUSUM charts almost equals that of the optimal
Schwartz charts, even when the predicted change is small. Between the two, where the sample size
is limited to small quantities for reasons such as the need for logical grouping and also small-scale
variations, the CUSUM chart can perform significantly better than the Schwartz chart.

From a pure economic point of view, and in the absence of sample size constraints, the
usual choice of n =4 or n =5 for both family Schwartz charts and for CUSUM charts is always less
important than larger ones in detecting small deviations. Sample size n > can only be economically
feasible if the projected change in the mean of the process involves medium to large values and the
cost of sampling is very low.

3. When the sample size is strictly limited to n = 1 or when the sampling cost is very high
and the rate of change is small, it is usually not optimal to monitor the process through sampling
but rather to control it using a preventive maintenance policy can be very desirable. As a result, this
option should always be considered as an alternative to the usual SPC method.
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